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ON GREENBERG’S GENERALIZED CONJECTURE FOR IMAGINARY
QUARTIC FIELDS
NAOYA TAKAHASHI
Abstract. For an algebraic number field K and a prime number p, let K˜/K be the max-
imal multiple Zp-extension. Greenberg’s generalized conjecture (GGC) predicts that the
Galois group of the maximal unramified abelian pro-p extension of K˜ is pseudo-null over the
completed group ring Zp[[Gal(K˜/K)]]. We show that GGC holds for some imaginary quartic
fields containing imaginary quadratic fields and some prime numbers.
1. Introduction
Let K be an algebraic number field and p a prime number. Let K˜ be the composite of all
the Zp-extensions of K. It is known that K˜/K is a Zdp-extension for some positive integer
d. The completed group ring Zp[[Gal(K˜/K)]] is isomorphic to the d-variable power series
ring Zp[[T1, . . . , Td]]. We denote by LK˜ the maximal unramified abelian pro-p extension of K˜.
Then it is known that the Galois group Gal(LK˜/K˜) is a finitely generated torsion module
over Zp[[Gal(K˜/K)]]; see [3, Theorem 1].
The following conjecture is often called Greenberg’s Generalized Conjecture (GGC).
Conjecture 1.1 (Greenberg [4, Conjecture (3.5)]). The Galois group Gal(LK˜/K˜) is a pseudo-
null module over Zp[[Gal(K˜/K)]] for every algebraic number field K and every prime number
p.
Recall that a finitely generated Zp[[Gal(K˜/K)]]-module M is called pseudo-null if there are
two non-zero annihilators f, g ∈ Zp[[Gal(K˜/K)]] such that f and g are relatively prime.
In this paper, we shall prove GGC for some imaginary quartic fields containing imaginary
quadratic fields and some prime numbers.
Theorem 1.2. Let F be an imaginary quadratic field and p a prime number. Let K/F be
a quadratic extension of F . Assume that the following conditions are satisfied.
• The class number hK of K is not divisible by p.
• p splits in F/Q.
• At least one of the primes of F lying above p does not split in K/F .
Then GGC holds for K and p.
Remark 1.3. GGC is known to be true for some number fields and some prime numbers.
We briefly recall previous results. Let K be a number field, hK the class number of K, and
K+ the maximal totally real subfield of K. We denote by K+∞ the cyclotomic Zp-extension
of K+.
(1) (Minardi [8, Proposition 3.A], see also [10, Theorem A, Theorem B]) GGC holds when
K is an imaginary quadratic field and p does not divide hK .
(2) (Bandini [1, Corollary 3.4, Theorem 3.6]) GGC holds when the following conditions
are satisfied.
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(a) p is an odd prime number.
(b) K is an imaginary biquadratic field containing two imaginary quadratic fields E
and F .
(c) p does not split in E and does not divide the class number hE of E.
(d) p does not split in K+ and GGC holds for K+ and p.
(e) GGC holds for F and p.
(3) (Itoh [5, Theorem 1.1], Fujii [2, Theorem 2]) GGC holds when the following conditions
are satisfied.
(a) p is an odd prime number.
(b) K is a CM field such that p splits completely in K/Q.
(c) p does not divide the class number hK of K.
(d) The Leopoldt conjecture holds for K+ and p.
(e) The Iwasawa invariants λ, µ and ν of K+∞/K
+ are zero.
(4) (Sharifi [12, Theorem 1.3]) GGC holds when K = Q(µp) for p < 1000.
(5) Kataoka proved GGC for certain complex cubic fields; see [7] for details.
Remark 1.4. Let (F,K, p) be as in Theorem 1.2. Moreover, assume that K is an imaginary
biquadratic field and p is an odd prime number. In this case, Theorem 1.2 follows from
Bandini’s results in [1]. In fact, the decomposition field of p inK/Q is the imaginary quadratic
field F . Let E be the imaginary quadratic field different from F contained in K. Then p
does not split in E and K+. Since [K : E] = [K : F ] = [K : K+] = 2 and p is odd, p
does not divide the class numbers hE, hF , and hK+ . Since p does not split in K
+/Q, the
Iwasawa invariants λ, µ and ν of K+∞/K
+ are zero (see Lemma 2.3). Hence GGC holds for
K+ and p. Finally, since p does not divide hF , GGC holds for F and p by Minardi’s results
[8, Proposition 3.A].
The outline of this paper is as follows. In Section 2, we give some preliminary results
on units and Iwasawa modules. In Section 3, we shall explain the outline of the proof of
Theorem 1.2. The proof is divided into three steps. In Section 4, 5, and 6, we give the proof
of each step.
2. Preliminaries
Let p be a prime number and K an algebraic number field. We denote by OK the ring of
integers of K, by EK := O×K the group of units of K, and by AK the Sylow p-subgroup of
the ideal class group of K. For a prime p of K, let Kp be the completion of K at p, and OKp
the ring of integers of Kp. Let Up,1 := 1 + pOKp be the group of principal units in Kp.
Let S be a non-empty set of primes of K lying above p. We put
EK(S) := {a ∈ EK | a ≡ 1 (mod p) for all p ∈ S}.
We define the diagonal map
ϕS : EK(S)→
∏
p∈S
Up,1, a 7→ (a, . . . , a).
We denote by ϕS(EK(S)) the closure of the image ϕS(EK(S)) in
∏
p∈S Up,1.
Let MK(S) be the maximal abelian pro-p extension of K unramified outside the primes in
S. It is known that the Galois group Gal(MK(S)/K) is a finitely generated Zp-module. (See
[9, Chapter X].)
Lemma 2.1. There is an exact sequence
0→
∏
p∈S Up,1
ϕS(EK(S))
→ Gal(MK(S)/K)→ AK → 0
of finitely generated Zp-modules. 
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Proof. This follows from global class field theory. (For example, see [2, Lemma 1].) 
For a finitely generated Zp-module M , the Zp-rank of M is defined to be the dimension of
the vector space M ⊗Zp Qp over Qp.
Lemma 2.2. Let F be an imaginary quadratic field and p a prime number which splits in
F/Q. Let p be a prime of F lying above p. Let K/F be a finite abelian extension. Let S be
the set of all the primes of K lying above p. Then the Zp-rank of Gal(MK(S)/K) is 1.
Proof. By the same argument as in the proof of [9, (10.3.6) Theorem] and [9, (10.3.16)
Theorem], the Zp-rank of ∏
P∈S UP,1
ϕS(EK(S))
is 1. Hence the assertion follows by Lemma 2.1. 
Lemma 2.3 (Iwasawa [6]). Let K be an algebraic number field and p a prime number. Let
L/K be a cyclic extension of p-power degree. Assume that there is a prime p of K lying
above p such that L/K is unramified outside p. If the class number hL of L is divisible by p,
then the class number hK of K is also divisible by p.
Proof. If p is not totally ramified in L/K, let Ip ⊂ Gal(L/K) be the inertia group at p.
Then LIp/K is unramified everywhere. By global class field theory, the class number hK is
divisible by p. If p is totally ramified in L/K, see [6, II]. 
Lemma 2.4 (Perrin-Riou [11]). LetM be a finitely generated torsion module over Zp[[T1, . . . , Td]]
for some d ≥ 2. If M/TdM is a pseudo-null module over Zp[[T1, . . . , Td−1]], then M is a pseudo-
null module over Zp[[T1, . . . , Td]].
Proof. See [1, Proposition 3.1] and [8, Chapter 4.B]. See also [7, Lemma 2.2]. (For the
original proof, see [11, Lemme 2].) 
3. Outline of the proof of Theorem 1.2.
Let F be an imaginary quadratic field. Let p be a prime number which splits in F/Q. Let
(p) = pFpF be the decomposition of p in F . Assume that pF does not split in K/F . Let pK
be the unique prime of K lying above pF . Note that pF may or may not split in K/F .
There is a unique Zp-extension F (1) of F such that F (1)/F is unramified outside pF by
Lemma 2.2. Similarly, there is a unique Zp-extension F ′(1) of F such that F ′(1)/F is unramified
outside pF .
We put
F (2) := F (1)F ′(1), K(1) := KF (1), K(2) := KF (2).
The following conditions are satisfied.
(1) K(1)/K is a Zp-extension unramified outside pK .
(2) K(2)/K is a Z2p-extension unramified outside pK and the primes of K lying above pF .
(3) K(2) contains K(1), and K(2)/K(1) is a Zp-extension unramified outside the primes of
K(1) lying above pF .
Since K is a quadratic extension of F , the Leopoldt conjecture holds for K and p ; see [9,
(10.3.16) Theorem]. Therefore, there is a unique Z3p-extension K(3) of K.
For i = 1, 2, 3, let L(i) be the maximal unramified abelian pro-p extension of K(i). We put
X(i) := Gal(L(i)/K(i)), Λ(i) := Zp[[Gal(K(i)/K)]].
Note that Λ(i) is isomorphic to the i-variable power series ring Zp[[T1, . . . , Ti]].
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L(3)
X(3)
K(3) L(2)
X(2)
K(2) L(1)
X(1)
F (2)
unramified outside pF
K(1)
F (1)
unramified outside pF
K
F
Q
The outline of the proof of Theorem 1.2 is as follows.
Step 1: First, we shall show that X(1) = 0.
Step 2: Then, we shall show that X(2) is a pseudo-null module over Λ(2).
Step 3: Finally, we shall show that X(3) is a pseudo-null module over Λ(3).
4. Step 1: The Zp-extension K(1)/K
Proposition 4.1. X(1) = 0.
Proof. Since K(1)/K is unramified outside pK and p does not divide the class number hK
of K, it follows from Lemma 2.3 that X(1) = 0. 
5. Step 2: The Z2p-extension K(2)/K
Let L2 be the maximal abelian extension of K
(1) contained in L(2). Then Gal(L2/K
(2)) is
the maximal quotient of X(2) on which Gal(K(2)/K(1)) acts trivially.
Let S(1) be the set of all the primes of K(1) lying above pF .
For each P ∈ S(1), let IP ⊂ Gal(L2/K(1)) be the inertia subgroup at P. Then we have∑
P∈S(1)
IP = Gal(L2/K
(1))
since X(1) = 0 (see Proposition 4.1) and L2/K
(1) is unramified outside S(1).
Lemma 5.1. (1) pK is totally ramified in K
(1)/K, and finitely decomposed in KF ′(1)/K.
(2) Every prime of K lying above pF is finitely decomposed in K
(1)/K.
(3) Every prime of K lying above p is finitely decomposed in K(2)/K.
Proof. First, we shall show (1). Since K(1)/K is unramified outside pK and p does not divide
the class number hK of K, the prime pK is totally ramified in K
(1)/K. By [2, Lemma 3], pF
is finitely decomposed in F ′(1)/F . Hence pK is finitely decomposed in KF ′(1)/K.
Next, we shall show (2). By [2, Lemma 3], pF is finitely decomposed in F
(1)/F . Hence
every prime of K lying above pF is finitely decomposed in K
(1)/K.
Finally, the assertion (3) follows from (1) and (2) since the ramification index of pF in
F ′(1)/F is infinite. 
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Lemma 5.2. There is an intermediate field Kn of K
(1)/K such that for every P ∈ S(1), the
inertia group IP is a Zp[[Gal(K(1)/Kn)]]-submodule of Gal(L2/K(1)).
Proof. For a prime q of K lying above pF , let Dq ⊂ Gal(K(1)/K) be the decomposition group
at q. By Lemma 5.1 (2), the index of Dq in Gal(K
(1)/K) is finite. We take a sufficiently
large n such that
pn ≥ [Gal(K(1)/K) : Dq]
for every prime q of K lying above pF . Let Kn be the intermediate field of K
(1)/K such
that [Kn : K] = p
n. Since K(1)/K is unramified over every prime of K lying above pF , every
prime of Kn lying above pF remains prime in K
(1). This shows that IP is a Zp[[Gal(K(1)/Kn)]]-
submodule of Gal(L2/K
(1)) for every prime P ∈ S(1). 
Lemma 5.3. L2 is an abelian extension of Kn.
Proof. For each P ∈ S(1), the restriction map
IP → Gal(K(2)/K(1))
is injective since L2/K
(2) is an unramified extension. The action of Gal(K(1)/Kn) on Gal(K
(2)/K(1))
is trivial since the extension K(2)/Kn is abelian. Therefore, we see that Gal(K
(1)/Kn) acts
trivially on IP for each prime P ∈ S(1). Hence Gal(K(1)/Kn) acts trivially on∑
P∈S(1)
IP = Gal(L2/K
(1)).
Consequently, L2/Kn is an abelian extension. 
Note that Gal(L2/Kn) is a finitely generated Zp-module since Kn is a finite extension of
Q. (See [9, Chapter X].)
L(2)
L2
K(2)
Z2p
K(1)
Kn Z/pnZ
K
Lemma 5.4. The Zp-rank of Gal(L2/Kn) is 2.
Proof. Since Kn ⊂ K(2) ⊂ L2 and K(2)/Kn is a Z2p-extension, it is clear that
rankZp Gal(L2/Kn) ≥ 2.
It is enough to show the opposite inequality. By Lemma 5.1 (1), pK is totally ramified in
K(1)/K. Let In ⊂ Gal(L2/Kn) be the inertia group of L2/Kn for the unique prime of Kn
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lying above pK . Since L2/K
(1) is unramified at the unique prime of K(1) lying above pK , the
restriction map
In → Gal(K(1)/Kn) ∼= Zp
is injective. Hence the Zp-rank of In is 1. Let M2 := (L2)In be the fixed field of L2 by In.
Then we have the following exact sequence:
0→ In → Gal(L2/Kn)→ Gal(M2/Kn)→ 0.
Here M2 is an abelian pro-p extension of Kn which is unramified outside the primes lying
above pF . Since Kn is a finite abelian extension of the imaginary quadratic field F , the
Zp-rank of Gal(M2/Kn) is at most 1 by Lemma 2.2. Therefore, we have
rankZp Gal(L2/Kn) = rankZp In + rankZp Gal(M2/Kn)
≤ 1 + 1
= 2.

Proposition 5.5. X(2) is a pseudo-null module over Λ(2).
Proof. We have
rankZp Gal(L2/Kn) = rankZp Gal(L2/K
(2)) + rankZp Gal(K
(2)/Kn).
By Lemma 5.4, we have
rankZp Gal(L2/Kn) = 2.
Since K(2)/Kn is a Z2p-extension, we have
rankZp Gal(K
(2)/Kn) = 2.
It follows that Gal(L2/K
(2)) is a finite abelian group. Hence Gal(L2/K
(2)) is a pseudo-null
module over Λ(1). Therefore, X(2) is a pseudo-null module over Λ(2) by Lemma 2.4. 
6. Step 3: Proof of Theorem 1.2
Let L3 be the maximal abelian extension of K
(2) contained in L(3). Similarly as in Step
2, Gal(L3/K
(3)) is the maximal quotient of X(3) = Gal(L(3)/K(3)) on which Gal(K(3)/K(2))
acts trivially.
L(3)
X(3)
L3
K(3) L(2)
X(2)K(2)
Lemma 6.1. Gal(L3/K
(2)) is a pseudo-null module over Λ(2).
Proof. We follow the same argument as in the proof of [1, Theorem 3.6]. We have an exact
sequence
0→ Gal(L3/L(2))→ Gal(L3/K(2))→ X(2) = Gal(L(2)/K(2))→ 0.
By Proposition 5.5, X(2) is a pseudo-null module over Λ(2). Hence it is enough to show that
Gal(L3/L
(2)) is a pseudo-null module over Λ(2).
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For every prime Q of K(2) lying above p, let IQ ⊂ Gal(L3/K(2)) be the inertia group at Q.
Since L(2) is the maximal unramified extension of K(2) contained in L3, we have
Gal(L3/L
(2)) =
∑
Q|p
IQ.
Since L3/K
(3) is unramified everywhere, the restriction map
IQ → Gal(K(3)/K(2)) ∼= Zp
is injective. Therefore, we see that IQ is 0 or isomorphic to Zp.
Recall that every prime of K lying above p is finitely decomposed in K(2); see Lemma
5.1 (3). Let q be a prime of K lying above p. The Zp-rank of the decomposition group
Dq ⊂ Gal(K(2)/K) ∼= Z2p is 2. Hence Dq is isomorphic to Z2p. Let ν1(q), ν2(q) be two
independent topological generators of Dq. Let Q be a prime of K
(2) lying above q. Since
Dq fixes Q, it acts on IQ. The action of Dq on IQ is trivial because Gal(K
(3)/K) ∼= Z3p is
abelian and IQ is mapped injectively into Gal(K
(3)/K(2)). Therefore ν1(q)− 1 and ν2(q)− 1
correspond to two relatively prime elements of
Λ(2) = Zp[[Gal(K(2)/K)]] ∼= Zp[[T1, T2]]
which annihilate
∑
Q|q IQ. Hence
∑
Q|q IQ is a pseudo-null Λ
(2)-module.
Since
Gal(L3/L
(2)) =
∑
Q|p
IQ =
∑
q : prime of K lying above p
∑
Q|q
IQ
 ,
we conclude that Gal(L3/L
(2)) is a pseudo-null module over Λ(2). 
Proof. (Proof of Theorem 1.2.) We see that X(3) is pseudo-null module over Λ(3) by Lemma
6.1 and Lemma 2.4. The proof of Theorem 1.2 is complete. 
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